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By using a finite-element method we analyze at a quantitative level the abrupt jump to the normal state in
high-Tc films observed when measuring their current-voltage characteristics at current densities, J�, which are
between two to three times their critical current density, Jc. The experimental data that this analysis focuses on
are from YBa2Cu3O7−� films, measured between 75 K and Tc�90 K and under zero applied magnetic field.
Our main starting point is the assumption that the constant-temperature curves, i.e., that would be measured at
arbitrarily short measuring time, are smooth and so jumpless. When taking into account the finite measuring
times, the highly nonlinear nature of the film’s electrical conductivity, and the thermal properties of the
substrate, simulation by the finite-element method shows that a thermal runaway takes place that explains,
without free parameters, the experimental jumps to a 5% accuracy. The voltage values prior to the jump are
also coherently accounted for with similar accuracy. No critical mechanism such as the vortex instability model
from Larkin-Ovchinikov or any others are needed for this quantitative agreement to our measurements, though
they can become dominant under different refrigeration conditions, temperature range, or magnetic-field
application.
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I. INTRODUCTION

The electrical transport capabilities of superconducting
materials are determined by their current-voltage character-
istics �CVCs�, in which two current densities are especially
meaningful. One is the critical current density Jc at which
dissipation sets in, the other being the supercritical current
density J� at which the system is triggered into a highly
dissipative state �quite close to the full normal state�. This
latter evolution usually takes place in an abrupt way �except
very near the critical temperature Tc� signaled by a voltage
jump. Because of this feature J� is also referred to as the
quench current density. Many superconducting families and
topologies belonging to either high-Tc or low-Tc supercon-
ductors have been shown to exhibit a voltage jump in their
CVCs. Our analysis here and experimental data will focus on
YBa2Cu3O7−� �YBCO� thin films. Knowledge of the under-
lying mechanisms provoking the abrupt jump to the normal
state is of fundamental interest in that it not only deepens
into the superconducting state and its stability1–18 but also
pertains to applications because a number of superconduct-
ing devices such as current limiters19 or microstrip lines at
microwaves20 operate in the “limits” of their superconductiv-
ity.

The most widely accepted interpretation for the voltage
jump is the flux-flow vortex instability theory by Larkin and
Ovchinikov �LO�, later extended by Bezuglij and Shklovskij
�BS� to include quasiparticles heating. Indeed many experi-
mental workers may be quoted that have analyzed the volt-
age jump in their current-voltage �CV� curves, especially
relatively near Tc, in terms of the LO or LO+BS models.1–13

It may be pertinent for us to recall some features of the
LO theory. The finite inelastic-scattering time of quasiparti-
cles in the superconductor leads to a decreasing number of
quasiparticles within a moving vortex core and to a subse-

quent viscous damping decrease. At a critical vortex velocity
the differential flux-flow resistivity becomes negative. This
entails that for current-biased measurement the flux-flow
state becomes unstable and the superconductor switches into
a highly dissipative state through a voltage jump. Thus the
switch to a highly dissipative state is a current-driven phe-
nomenon; i.e., it is triggered by the current density reaching
a “supercritical” value J�. This statement also pertains to the
BS model, which assumes the LO approach though extend-
ing the LO validity by accounting for the quasiparticles heat-
ing. In fact, there are more current-based explanations for the
jump other than LO+BS, as the pair-breaking or depairing
current limit,14–17 the heated electron model �at low
temperatures�,18 or vortex depininng at twin boundaries.21

An opposite view for the voltage jump is the thermal
view. This is a broad issue that needs going some more
deeply into it. A starting observation is that the always non-
vanishing measuring time leads to temperature-increasing
experimental CV curves from otherwise constant-
temperature CVCs. A thermal origin for the voltage jump is
realized if at a given temperature reached during the CV
measuring run, the system can no longer keep its thermal
balance stable and so undergoes a temperature runaway. The
voltage jump would be thus temperature driven. Note that it
is not to be understood that the superconductor should reach
a high temperature and by no means the critical temperature.
In fact, according to experimental data,10,22 if one is to ex-
plain the observed jump by thermal instability, no more than
2–3 K overtemperature �with respect to that of the bath�
should suffice to trigger the thermal runaway. The thermal
balance is complex and involves input power, power increase
rate with temperature, measuring time �this one having a
direct bearing on the overheating�, thermal coupling of the
film to the substrate, thermal conductivity of the substrate’s
material, and so on.

PHYSICAL REVIEW B 78, 094512 �2008�

1098-0121/2008/78�9�/094512�9� ©2008 The American Physical Society094512-1

http://dx.doi.org/10.1103/PhysRevB.78.094512


A central question is how current-driven and temperature-
driven effects acting on the experimental CV curves can be
discriminated or, if both exist, how can be separated. This
question translates into other one; what are the constant-
temperature CV characteristics of YBa2Cu3O7−� like? �Of
course we are referring to the ideal, strictly constant tempera-
ture, curves not to the experimental ones.� A first possibility
is that they vary smoothly with current in which case the
experimental voltage jump can only arise by a thermal run-
away due to the finite measuring times. In the second case,
namely, current itself triggering the jump, there would be a
competition of effects. From the premise that thermal effects
are unavoidable, in this paper we explore the first possibility.

Thermal analysis on the CV characteristics in supercon-
ductors is of course no novelty and quite a few are available.
Most of them however have been applied to the study of
propagation of normal zones in the sample �usually moni-
tored by voltage taps set along the sample�10,15,23–25 and to
hysteresis.26–28 In these works no question is made on the
causing mechanism of the initial normal zone or, say, the
highly dissipative state, but instead the focus is on its propa-
gation. These approaches are consistent as the samples under
study are “by definition” inhomogeneous, the inhomogeneity
being either created artificially or as obtained, in this latter
case often associated with a large sample’s length.

Regarding the “homogeneous” thermal approaches to the
quench in high-Tc superconductors, fewer are known to us. It
is worth commenting on the contribution from Kiss et al.29

They give a semiquantitative explanation of the observed
quench in YBa2Cu3O7−� films and Bi-based coils. Key con-
cepts such as positive feedback, instability criterion based on
the temperature derivative of power �not on power itself�,
catastrophic transition point, etc., are placed on the fore-
ground. The main limitation is perhaps the use of a zero-
dimensional heat equation for the calculation of the film’s
temperature along the CV curve.

An improved thermal model was proposed, few years ago,
by Viña et al.30 that solved the temperature field in the film
and its substrate altogether. This model was based on one
uniform-temperature domain whose boundary expanded at
the diffusion length rate with some correction for the film’s
temperature. A jumping current density, J�, was predicted
that agreed with experiments to within 10%–20% but the
agreement for the electric field at and before the jump was
poor. In spite of the model’s crudeness, it allowed us to ex-
plain very recent measurements showing a decrease in the
quench current J� with increasing film’s width.31 In all,
though these findings show the adequacy of a thermal run-
away to explain the observed voltage jump, a convincing
quantitative analysis accounting of both jump quantities J�

and E� is still lacking, at least within the same degree as the
current-driven theories.

This paper develops a finite-element method �FEM�
analysis aiming at assessing whether sensible noncritical,
namely, smooth, constant-temperature CV curves may show
up as the singular quasidiscontinuous curves the experimen-
talist measures. Special attention will be given to the role of
the measuring time and the sample geometry. The results
from the simulation will be compared to experimental results
from YBa2Cu3O7−� films of different widths and resistivities

using a measuring scale on the millisecond range under self
field. The use of FEM is advisable because it yields accurate
simulations on the physics response over complex geom-
etries, is capable of dealing with nonlinearity, and is widely
available. Moreover, with FEM analyses the role of any con-
ceivable variable in the �here� thermal process, from the sub-
strate’s thermal conductivity or environment exchange coef-
ficient to the film’s width or the measuring pulse duration,
can be studied.

II. EXPERIMENTAL DETAILS

The CV data utilized in this work were measured from
various microbridges. As complete details about fabrication
and general characteristics of the samples have been already
published,30,31 only the minimum information will be given
here. The microbridges are from epitaxial YBa2Cu3O7−� thin
�0.15 �m� films grown onto SrTiO3�100� substrates either
by pulsed laser ablation or by sputtering techniques. Their
widths range from 10 to 100 �m with an aspect ratio, i.e.,
length to width, of about 10. No magnetic field was applied.

Since heating effects simulations must match the experi-
mental conditions, specially the run time, a description of the
experimental procedure is in order. Our CV curve measure-
ments are current driven via stepped ramps with about 1 ms
duration steps. Sample voltage was measured with a data-
acquisition card, getting the full CV curve in typically 30 ms.
The sample holder was exposed to a He gas atmosphere in-
side a temperature-regulated cryostat. As illustrated in Fig. 1,
each plateau pair from the current vs time and voltage vs
time curves determines a point in the CV characteristic; in
fact only the last point from both plateaus were used. Need-
less to say that the CV curve so obtained is not a constant-
temperature curve but rather a temperature-increasing CV
curve. The temperature of the lower-current points corre-
sponds closely to that of the bath. We will take advantage of
this feature later on to build sensible constant-temperature
curves.

FIG. 1. Experimental building procedure of the current-voltage
characteristics studied in this work. A staircase ramp of current was
applied to the YBa2Cu3O7−� microbridges. Each current step was
applied for 1 ms. Voltage data were subsequently acquired at a rate
of 105 samples/s resulting in a slightly rounded voltage step. 50
current steps were applied in each run with a current increase be-
tween steps from 2 to 10 mA.
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Figure 2 shows some representative data sets at six tem-
peratures of CVCs so obtained. No data points after the jump
are shown since the factor of around 50 jump in the electric-
field values would have minimized the data points before the
jump. Notwithstanding, these high-field data may be seen
elsewhere,32 and an example of the whole voltage range is
depicted at the inset of Fig. 7. These data are quite similar to
other data already published for high-Tc films2,26,30,33 at zero
applied magnetic field.

III. FINITE-ELEMENT METHOD APPROACH

As already anticipated, our aim here is to assess whether
the jump itself is a thermal effect and secondarily what frac-
tion of the voltage measured along the whole CV curve of
YBa2Cu3O7−� films is due to the heating effects arising from
Joule power. A straightforward procedure for this is as fol-
lows: one would undertake subtracting the overheating from
the measured electric field so as to obtain the ideal or intrin-
sic, i.e., strictly constant temperature, CV curves. Unfortu-
nately, this direct way is not tractable because the actual
film’s temperature at each current should be known but its
accurate measurement is hardly feasible and only indirect
and semiquantitative results are available.10,22 We are thus
compelled to go the other way around.

The two main steps in the implementation of this reverse
way are as follows. The starting point is as just said presum-
ing the constant-temperature CVCs. For that end, the low-
current experimental data points will be the “anchor” from
which those CVCs will be built. Next, solve the thermal
dissipation problem accounting for the experimental condi-
tions, i.e., applying the current �in the simulations� following
the experimental pace. The process requires a previous com-
pilation from the literature of the various thermal intervening
parameters. Of course the hard step is the solving of the
thermal problem as it involves a nonlinear system �the elec-
tric field depends nonlinearly on current density and tem-
perature�. A description of the details goes next.

A. Obtaining the constant-temperature characteristics

We want here to build sensible constant-temperature
CVCs compatible with the experimental data. This compat-

ibility translates into requiring a good accord to the low-
current data points where the actual sample’s temperature
can well be identified with the bath’s temperature. For the
general structure of the constant-temperature CVCs we will
use the functional form,

E�J,T� = E0�T�� J

J0�T�
− 1�n

, �1�

where

E0�T� = E1�1 −
T

Tc
�n0

, �2�

J0�T� = J1�1 −
T

Tc
�n0

, �3�

with E1, J1, n0, and n taken as constant free parameters.
Equation �1� applies in the case J�J0, whereas E�J ,T�=0
for J�J0.

The above functional form which may be termed critical
power law has been obtained as certain limits arising in: �i�
the weak pinning flux-creep context,15 �ii� the mean-field ap-
proximation in the strong pinning limit,34,35 and �iii� granular
behavior models.36 Note that we do not ascribe to the critical
power law a more fundamental or central physical signifi-
cance than we do to other alternative models for CVCs found
in the literature. The critical power law serves us well in that:
�i� it fits quite well to the low-current experimental data over
the whole range of temperatures and �ii� it extrapolates
smoothly to higher currents. These features are illustrated in
Fig. 3 where it can be seen that the goodness of fit over the
fit region is quite high at any temperature. The lower limit of
the fit region is understandably the critical current Jc. The
setting of the upper limit for current is a more delicate issue.
Since the fit region should be the heat-free portion of the
CVC, the upper current should correspond to the higher cur-
rent for which, within experimental uncertainties, no tem-
perature rise takes place. For that, the “heated version” of the
constant-temperature CVCs must be first calculated �this is
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FIG. 2. Experimental data for one of the YBa2Cu3O7−� micro-
bridges whose Tc=89.9 K. Six bath temperatures are drawn. More
series were measured but are not shown for the sake of clarity. No
data points above the jump are shown because the factor of 50
discontinuities in voltage would downplay the most relevant lower
data points.
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FIG. 3. Low-voltage range for the same experimental data as
Fig. 2. The solid lines are the constant-temperature CVCs we will
be using along this paper as the background CVCs �for this
sample�, obtained from the fit of the functional form in Eq. �1� over
the indicated voltage region �below the dotted line�. These isother-
mal CVCs are smooth all along the current range up to the normal
state.
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in fact our main task in this paper� and then by comparison
between both sets of curves the current at which departure
starts off is determined. If this departure current is higher
than the upper fit current the latter is increased, repeating the
loop until both currents are brought to coincidence. In sum-
mary, the upper fit current is obtained by a self-consistent
method. The assumed constant-temperature CVCs, of which
Fig. 3 is an example, are smoothly varying in both current
and temperature, and we can term them heat-free or simply
isothermal CVCs.

The isothermal CVCs may be interpreted as the curves an
experimentalist using very fast equipment would measure.
How fast should that measurement rate be? The faster the
better, but with the limit of the electronic response time.
Experimental work shows that the resistive switching of
YBa2Cu3O7−� microbridges occurs after a delay time of
10–20 ns.37,38 Response times of a few nanoseconds have
been also reported by studying YBa2Cu3O7−� films respon-
sivities to subnanosecond infrared and optical pulses.39–41

However, no agreement seems to exist as to which response
components are bolometric, i.e., electronic, or nonbolomet-
ric, i.e., thermal. Anyhow, this time threshold thus sets the
ideal measurement rate; in numbers, the whole CVC curve
should be measured in approximately �50 current steps�
� �10 ns /step�=500 ns to guarantee the minimum thermal
effects, but no such experimental results are known to us. We
are thus faced with the key question posed above. Assuming
the ideal or constant-temperature CVCs of YBa2Cu3O7−� mi-
crobridges are like those seen in Fig. 3 as solid curves, what
would be like the “apparent” CVCs measured when using
1-ms-long or 1-�s-long current pulses? Would they reas-
semble those actually measured? Only through appropriate
thermal calculations can we give an answer. Sections III B 1
and III B 3 describe the calculation systematics.

B. Finite-element method details

Our YBa2Cu3O7−� microbridges are 0.15 �m thick span-
ning 10–100 �m in width. Their length was varied to keep
a fixed aspect ratio of 10; i.e., the microbridges’ length was
systematically ten times their width. The intended purpose
was to use a two-dimensional �2D� modeling thus much al-
leviating the numerical burden of simulations. The FEM
implementation of our 2D film-substrate system involves a
number of steps, the most important of which are as follows.

1. Meshing film and substrate

Though meshing is done automatically by any FEM pack-
age it is not always so when there are geometric regions with
highly different sizes. In our case, the YBa2Cu3O7−� micro-
bridge’s cross section is typically 10�0.15 �m2 and 5
�1 mm2 for the substrate. These dimensions fix the maxi-
mum finite-element size to 0.15 �m, giving about 2�108

elements in all. This is still a huge number even halving the
system �simulation of either the right-side half or the left-
side half of the film-substrate ensemble can be done without
any loss of generality�. The way out of this is using an inho-
mogeneous meshing finer at the film �a finite-element size of
0.15 �m is appropriate here� and coarser as we deepen into

the substrate. This was carried out by building rectangular
regions expanding from the film’s location and setting the
meshing density at the boundary closer to the film finer than
the density at the father side. Figure 4 is a snapshot of the
meshing process illustrating the increasing finite-element
size as getting farther from the film.

2. Boundary conditions and materials properties

A proper thermal parameters’ choice is important for an
approach intending to provide absolute magnitudes on the
YBa2Cu3O7−� films’ CVCs without fitting parameters. As for
the SrTiO3 substrate, the values Cp=1 J /K cm−3 and �s
=0.18 W /K cm will be used.42 For the film-substrate ex-
change coefficient the value hfs=103 W /K cm is found.43–45

The temperature gap at the film-substrate interface was
implemented through a very thing ethereal medium, i.e.,
having a vanishing low specific heat and the precise thermal
conductivity to simulate the correct boundary impedance. In
Fig. 4 it can be seen the low-Cv buffer layer at the bottom of
the film representing the film-substrate thermal impedance.

The film exchanges heat with its surrounding coolant �ni-
trogen gas in our case� as well. By using general correlations
for flat heaters exchanging with their coolant gas,46 we ob-
tain hsg=2�10−3 W /K cm. The fact that the substrate-gas
interface is around 6 orders of magnitude less efficient than
the film-substrate interface makes irrelevant the environment
heat exchange at short enough times, as experimental work
supports.17 The environment is expected to become a factor
in the thermal analyses when the diffusive heat front reaches
the substrate’s boundary. In the millisecond range the ther-
mal diffusion length is around 250 �m, not reaching then
the substrate boundary �1 mm thickness�. However, at longer
measurement times, say, in the hundreds of milliseconds,
thermal environment should be more determinant, as also
confirmed by experimental work.47 Anyhow, hsg will be in-
cluded in the simulations as it adds no special complication
to the FEM machinery. As advanced above, only half of the
film-substrate system will be simulated since its mirror im-
age can be accounted for by setting no heat exchange at the
cutoff section, this section being coincident with the symme-
try plane.

3. Thermal load

It is the term giving account of how much heat is pro-
duced in the film. In our current transport setup heat is pro-

vanishing−low
C

v
interphase

film layer

substrate

FIG. 4. Illustration of the meshing build for one of the
YBa2Cu3O7−� thin films. Note that by taking advantage of the left-
right symmetry, only the right half of the film is modeled. Because
of the tiny size of the film with respect to the substrate an inhomo-
geneous meshing was needed to save degrees of freedom.
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duced by the Joule power �volume� density Q=EJ. A uni-
form current density across the film will be assumed for J
�Jc. An explicit support for current homogeneity comes
from the work of Herrmann et al.,48,49 as they identify in
high-Tc tapes a characteristic current above which additional
current is distributed homogeneously across the entire super-
conductor’s cross section. Interestingly, this cutoff current is
slightly below the critical current. Direct measurements by a
microarray of Hall probes laid onto Bi-based crystals show
that current flows along the sample edges at relatively low
temperature �T�50 K� but nonuniformity becomes negli-
gible above relatively near Tc �T	80 K�.50 Further evidence
rests with more recent work on YBa2Cu3O7−� strips carrying
transport current.51 Here by using magneto-optical imaging it
is observed that even at a low temperature of 20 K and
I / Ic=0.9, the nonuniformity of J is only of the order of 20%.
Finally, let us point to a number of works supporting the
independence of critical current on bridge width.12,31,52,53

Without a claim for exclusivity the simplest explanation is
current flowing uniformly distributed throughout the whole
sample’s cross section.

Under a uniform current density J the local dissipating
power Q=EJ can only depend on local temperature, J only
changing discretely at each current switch. We are then left
with a biunivocal power-temperature relationship as Q�T�
=E�Ji ,T�Ji, where Ji is the value of the pulse current applied
at step i. From this a thermal load table �T ,Ji�→Q can be
built, which values will act as the heat sources in the film’s
time evolution simulation. Notice that the electric field in the
heat generation rate E�Ji ,T�Ji is not of course the experimen-
tal field at J=Ji since we do not know which temperature the
sample has but the electric field at J=Ji for the isothermal
CVC at the calculated temperature T �this is the core of the
thermal feedback�.

C. Calculation systematics

With all the above ingredients the thermal numerical cal-
culations can proceed, an illustration of which is shown by
the flow diagram on Fig. 5. In words, the main steps are as
follows.

�a� The YBCO film-substrate system starts off a well-
defined initial state: an applied current Ji=Jc �there is no
dissipation below Jc� and a temperature Ti=Tbath.

�b� The sample is heated at a rate Q�Ti ,Ji� for a time �t
much less than the pulse duration tpulse. Their ratio deter-
mines the accuracy of results; we chose it as 1/40.

�c� A temperature map To�x , t� is then provided by the
finite-element method.

�d� Time is raised in �t, temperatures updated,
and the thermal load Q�Ti ,Ji� is recalculated, with
which a new iteration begins. The �injected-heat�
→ �resulting-temperature-field� calculation loop continues
until current time reaches the pulse duration. Only the tem-
perature map at the end of the pulse life is recorded in order
to match our experimental conditions.

�e� A new current pulse is fed to the film by raising the
current density, Ji→Ji+�J. As no delay between pulses is
allowed, the initial temperature distribution �initial condi-

tions� is set to the final temperature distribution of the pre-
vious current pulse.

�f� The outer loop continues until a preset maximum cur-
rent Jmax is reached. Typically 50 current steps were used to
build the whole CVC. This final current was chosen to be
above the experimental J�.

The outcome for each loop is the temperature profile at
the end of the current pulse, namely, the temperature at each
of the finite-element nodes. It has been checked that tempera-
ture differences in the film are bounded by one- or two-tenths
of kelvins, the difference being maximum between the fim’s
center �hotter� and edges �cooler�, as one would expect. We
are then entitled to assign a unique temperature, namely, the
average temperature, to the whole film, results on which will
be presented in Sec. IV.

IV. RESULTS FROM THE FINITE-ELEMENT METHOD
CALCULATIONS

In this section a systematic presentation of the main re-
sults from the FEM analysis on the thermal behavior of
YBCO films will be accomplished. We will focus on those
FEM predictions for which experimental counterpart exists.
These measurements are basically the CVCs themselves at
different temperatures and film widths.

A. Probing the jump in temperature

According to our thermal calculation route �see Fig. 5� the
quantity directly obtained is the film’s temperature as a func-
tion of current. Pertaining results are illustrated in Fig. 6. In
this figure it is shown the temperature evolution of a YBCO
film subjected to increasing current and starting from three
bath’s temperatures, namely, 85.1, 80.6, and 76.2 K, as la-
beled at the respective curves’ foot. The most singular fea-
ture is the occurrence of a temperature discontinuity a few
kelvins above the bath’s temperature, as illustrated by the

FIG. 5. Block diagram illustrating the main steps in the FEM
thermal analysis of the YBa2Cu3O7−� film.
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breakage of the solid lines in Fig. 6. Thermal-only calcula-
tions reproduce then an abrupt jump of some tens of kelvins
�the above-jump temperatures, not illustrated, are within
normal-state temperatures�. Note also that the triggering tem-
perature for the discontinuity is less than 3 K above the
bath’s temperature, in close agreement with the available
data already addressed to in Sec. I.10,22 As film’s temperature
is not a measurable quantity no comparison is possible with
experiments. However, corresponding simulation results for
the electric field are indeed susceptible of comparison, which
task is undertaken in Sec. IV B.

B. Comparison of the current-voltage thermal-only FEM
simulations with experimental results

In this section we translate the results from Sec. IV A,
namely, sample’s temperature as a function of current den-
sity, into a form more susceptible of being tested experimen-
tally. If we remember the isothermal curves conjectured for
the film’s behavior, i.e., Eq. �1�, the transformation �T ,J�
→ �E ,J� is just an algebraic formality. Figure 7 shows a typi-
cal example of a FEM simulation with the experimental data
points.

The results from Fig. 7 are perhaps the most important
contribution from this study because it shows how smooth
and so jump-free constant-temperature CVCs may manifest
themselves as an abrupt CVC when the sample is subjected
in the simulations to a relatively slow �1 ms� staircase cur-
rent ramp that clones the one experimentally used in our
measurements �on the other hand a most common measure-
ment rate, see Sec. I�.

On its way toward the thermal runaway the sample
crosses successive isotherms. This is illustrated in Fig. 8
where the simulation not only shows again the excellent
FEM result for the jump current but also shows how the
film’s temperature drifts from the bath’s to the quenching
temperature T�=81.5 K. The overall predictions of the FEM
thermal-only simulations are condensed in Fig. 9. There the
whole temperature measuring range for one of our 10 �m

film is subjected to comparison. The agreement with the
FEM results is outstanding, reinforcing the thermal origin of
the voltage jump in superconducting YBCO films.

The cautious reader may wonder about the tricks of this
trade. Once a set of isothermal CVCs are assumed the FEM
outcome is a no-free-parameter calculation as detailed above.
By this statement we meant that the �thermal� parameters
values are set prior to the comparison with the data. This
differs by example from what is customarily made when ana-
lyzing CVCs in terms of the LO theory, where the critical
vortex velocity �or equivalently the inelastic-scattering time�
is left as a free parameter.1–13 The greater source of uncer-
tainty is linked with the constant-temperature CVCs them-
selves. As graphically illustrated in Fig. 3 there is a choice to
make, setting aside the functional form, as to the experimen-
tal data entering the fit. In Fig. 3 the threshold field was
taken slightly below 0.1 V/cm following the criteria invoked
in Sec. III A. What would have been the simulation results
say for a threshold of 0.2 or 0.02 V/cm? From our experience
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we would state that an uncertainty of around 5% in J� may
be associated with the isothermal CVCs choice. In summary,
the data point diameter is a sensible estimate for the jump
current J� calculation error in Fig. 9. However suggestive the
excellent agreement may seem, in our view the main contri-
bution of this paper is not the quantitative account of mea-
surements but the fact that when heat production is not ne-
glected and neither the experimental measuring pace, the
observed voltage discontinuity is closely reproduced in FEM
simulations. In other words, the former two factors are es-
sential and not accidental in the proper analysis.

Though the essential achievements of the FEM-based
thermal model for the voltage jump in YBCO films is sum-
marized in Figs. 7–9, additional experimental test is possible
when considering other film parameters. This is the case of
film’s width which is a thermal parameter. By this statement
we mean that in the �typical� micrometer range no other rel-
evant superconducting length as the coherence length or the
magnetic penetration depth can get comparable values, and
thus film’s width should be in principle a neutral or irrelevant
parameter. However from the thermal point of view widths
in the 10–100 �m range are comparable with the thermal
diffusion length whose value is around 200 �m at the mil-
lisecond time range. Size effects have been in fact studied
quite recently.31 It is worth notwithstanding revisiting the
issue in the light of FEM calculations.

The capabilities of the FEM method are illustrated in Fig.
10 where the CVCs of two films of quite different width are
compared. The electric field has been normalized to the cor-
responding prior-to-jump experimental value E� because of
their big difference: 0.052 V/cm for the 100 �m film and
2.61 V/cm for the 10 �m film. Except for their width these
two films are closely similar in their intrinsic properties such
as thickness or normal resistivity, whereby in the absence of
thermal effects they should exhibit the same J�.

It may be enlightening to briefly argue why, as data points
show, wider films are more thermally unstable than the nar-
rower ones. The simple idea is that the narrow films are more
edgy than wider films and so have more substrate volume
available to get thermally balanced. For our quasi-one-
dimensional films, i.e., w�width�
d�thickness� the charac-
teristic length is played by the thickness d. Because of that

one could expect that the edge region would extend a dis-
tance d from the edge itself. In other words the edge or say
the outer points of a film are 2d in width, whereas the inner
points are w−2d. The ratio �outer points� / �inner points�
�2d /w clearly favors the narrow films as thermal stability is
concerned.

Note finally the excellent agreement FEM thermal-only
calculation achieves for the observed behavior �see Fig. 10�.
Additional simulations show that the width bearing on ther-
mal stability greatly drops at bigger widths �w	100 �m�.
This is not only confirmed experimentally31 but it is also
understandable from the above discussion: the edge region
loses relevance since all points tend to be inner points as
width grows.

V. DISCUSSION AND CONCLUSIONS

The FEM-based results presented above for YBCO films
show that �isothermal� conventional flux-creep, i.e., smooth,
CVC are quantitatively compatible with the abrupt quasi dis-
continuous CVCs experimentalists measure. Considering
that only the inevitable heating effects have been computed
to obtain the actual electric field, one is forced to recognize
that the observed transition to a highly dissipative state in
YBCO films is thermal in origin. In other words, the system
abruptly switches into the normal state because of a thermal
instability caused by the heat fueled by the electric current
density. It is the actual temperature and thermal power that
determines the voltage instability not current itself. Note that
by construction our system obeys jump-free isotherms; i.e.,
there is no electrical current able to provoke by itself an
electric-field discontinuity at any constant temperature.

A first delicate-to-deal-with conclusion is that in order to
explain the voltage jump in Y-based superconductors under
our experimental conditions, no contribution from vortex in-
stabilities such as the Larkin and Ovchinikov �LO� theory or
other current-driven explanations �see Sec. I� was needed.
This means that under certain circumstances the natural
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FIG. 10. Comparison of the voltage jump for two YBCO films
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tivity. Their critical temperatures are 88.15 K �100 �m film� and
87.20 K �10 �m film�. The distinct jump current is accounted for
by the same thermal-only FEM simulation. The common bath tem-
perature is 78.1 K.
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heating effects take the lead and avoid those current-driven
mechanisms to emerge. It is thus important to remember
which are those experimental conditions.

Our measurements are restricted to temperatures rela-
tively near Tc whereby any phenomenology pertaining to T
�Tc is in principle excluded. Besides, no magnetic field was
applied. In the eventual competition of both mechanisms
magnetic field is perhaps a key factor. On one side, the in-
fluence of any model relying on vortex instabilities �LO�
should by force be enhanced by a magnetic field as it is a
vortex generator. On the other side, we have found difficul-
ties in fitting unpublished experimental results on YBCO
films under magnetic field to a purely thermal model �assum-
ing as in here uniform currents�.

Refrigeration conditions should be another key factor in
the relevance of thermal instability. For instance, our samples
are grown onto SrTiO3 substrates, but MgO substrates, hav-
ing a thermal conductivity about ten times larger, are used
quite as often. One could also have easily films half as thick
as ours or have a factor of 2 better heat transfer coefficient to
the substrate. Still within standard specifications one could
end up with 40 times more effective cooling. It is quite
straightforward to perform a FEM analysis under these quite
different thermal conditions. Referring to the results in Fig. 9
we have found that J� could rise in around 50%. In other
words, the thermal instability would be considerably delayed
in current but will not be inhibited by the better refrigeration
conditions.

A way out of this competition between intrinsic and non-
intrinsic causes for the voltage jump can come from experi-

ments using increasingly short measuring times. Thermal ef-
fects should certainly be minimized at shorter measuring
times, which opens the possibility of viewing other underly-
ing effects. Some experimental data at low magnetic field are
available33 that show a smearing out of the voltage jump
when shortening from 100 ms to 50 �s the current pulse
duration, suggesting that there is nothing beyond thermal ef-
fects. However further experimental work will be welcome
to elucidate this important issue.

Our results do not close down the issue of thermal stabil-
ity on these complex systems. FEM, or more generally nu-
merical, calculations do not give any clue as to why does the
voltage jump occur. In this regard questions as to under what
temperature and dissipated power does thermal runaway get
triggered or what is the influence of thermal history on ther-
mal instability need methods beyond numerical ones. We
think that only analytical work can lead to understand ther-
mal behavior by predicting the stability and instability re-
gions of high-Tc superconductors so as to tailor their behav-
ior to practical purposes as it could be the case of film-based
current limiters. This theoretical path is presently being
undertaken.
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